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Quantum Tunneling of Spin-1 Particles from a 5D Einstein-Yang-Mills-Gauss-Bonnet
Black Hole Beyond Semiclassical Approximation
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In the present paper we study the Hawking radiation as a quantum tunneling effect of spin–1
particles from a five-dimensional, spherically symmetric, Einstein–Yang–Mills–Gauss-Bonnet (5D
EYMGB) black hole. We solve the Proca equation (PE) by applying the WKB approximation and
separation of variables via Hamilton–Jacobi (HJ) equation which results in a set of five differential
equations, and reproduces in this way, the Hawking temperature. In the second part of this paper, we
extend our results beyond the semiclassical approximation. In particular, we derive the logarithmic
correction to the entropy of the 5D EYMGB black hole and show that the quantum corrected specific
heat indicates the possible existence of a remnant.
PACS numbers: 04.70.Dy, 04.50.+h, 04.50.Gh
Keywords: Quantum tunneling, Proca equation, Einstein–Yang–Mills–Gauss–Bonnet black hole, WKB ap-
proximation.
I. INTRODUCTION
Hawking radiation [1–3], can be investigated in many
different ways. One such an interesting method, is the so-
called tunneling method, also known as a Kraus–Parkih–
Wilczek method [4–8]. Recently, the Hamilton–Jacobi
(HJ) method of tunneling was extended by Padmanab-
han et al [10, 11]. There are some interesting aspects
associated about this method, for example, the whole
process is consistent with an underlying unitary theory
due to the conservation of energy which may have impli-
cations in the information loss paradox. This method
has been extensively studied in the literature [13–18].
Note that Hawking radiation in the tunneling approach,
emerges in the regime of semi classical approximation,
thus naturally, Banerjee and Majhi [19–22], extended this
method beyond the semiclassical approximation by in-
cluding higher order quantum corrections to the Hawk-
ing temperature. While, many other authors recently
studied the role of quantum gravity effects on the Hawk-
ing radiation by exploring the deformed Klein–Gordon
equation, deformed Dirac equation, deformed Wheeler–
DeWitt equation and shown that quantum gravity effects
can decelerate the evaporation process of the black hole
and as a result remnants are left [23–26, 31–35].
Besides the well known solutions of Einstein field equa-
tions, such as, a vacuum solution, charged black hole so-
lution, spinning black hole, it came as a surprise when
other solutions were shown to exist in the realm of
Yang-Mills (YM) theory coupled with gravity known
as Einstein–Yang–Mills theory (EYM) [36–39]. In Ref.
[40, 41] EYM black holes in Gauss–Bonnet theory was
studied, in Ref. [42] EYM theory with adjoint Higgs field
was investigated, in Ref. [43] EYM black hole in Chern–
Simons theory was studied. While the Hawking radiation
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and other thermodynamic aspects of EYM black holes
were investigated in Ref [51–60]
The Hawking radiation of massive gauge bosons, such
as W± and Z bosons which carry the weak interaction
was analysed in Ref. [44, 46–50]. Recently, massive vec-
tor particles have attracted interest, in particular mas-
sive photons were proposed as a possible explanation of
the dark energy and dark matter [70–72], and more re-
cently the so-called ultra–light bosons were introduced as
a possible explanation of the dark matter [73]. There is a
common belief that the Hawking temperature is usually
determined by the black hole mass, charge, and the an-
gular momentum of the black hole and this temperature
is unaffected by the mass of the particles.
In this paper we aim to extend the Hawking radiation
of massive and uncharged vector particles as a quantum
tunneling effect to the 5D EYMGB black hole solution
[52] and to determine whether the mass and the spin of
the particles plays any relevant role in the Hawking tem-
perature in the case of 5D EYMGB black holes. In par-
ticular we also aim to incorporate the quantum effects
beyond the semiclassical approximatin on the Hawking
temperature, entropy and specific heat capacity from this
black hole configuration. As far as we know, this problem
has not yet been addressed in the literature. The paper
is organized as follows. In Section II, we review the 5D
EYM solution in Gauss–Bonnet gravity. In Section III,
we solve the Proca equatition and recover the Hawking
temperature from the 5D EYMG black hole. In Sec-
tion IV, we extend our results beyond the semiclassical
approximation by computing the corrected entropy and
specific heat capacity of the black hole. In Section V, we
comment on our results.
2II. 5D SPHERICALLY SYMMETRIC EYMGB
BLACK HOLE SOLUTION
Let us start by writing the action which describes the
5D EMYGB theory given by [40, 41, 52]
S =
1
2
∫
M
√−g
(
R+ αLGB −
6∑
a=1
F (a)µν F
(a)µν
)
d5x,
(1)
in which g = det(gµν) is the determinant of the met-
ric tensor, α is Gauss-Bonnet (GB) parameter. The GB
Lagrangian LGB, is given by
LGB = R2 − 4RαβRαβ +RµναβRµναβ . (2)
Variation of the action (1) with respect to the metric
gµν leads to the following modified Einsteins field equa-
tions given by [41]
Gµν − αHµν = Tµν , (3)
where Gµν is the Einstein tensor, Hµν is a symmetric
rank–two tensor related to the spacetime geometry usu-
ally called Lovelock tensor. The energy–momentum ten-
sor Tµν , for the Yang–Mills field is given by
Tµν = 2F
i
µ
α
F iνα − 1
2
gµνF
i
αβF
iαβ , (4)
in which F iαβF
iαβ = 6Q
2
r4 and Q is the only non–zero
gauge charge and F iαβ is the Yang-Mills field 2–forms.
The Lovelock tensor Hµν is defined as [38, 41]
Hµν =
1
2
gµν
(
RαβγδR
αβγδ − 4RαβRαβ +R2
)− 2RRµν
+ 4Rµ
λRλν + 4R
ρσRµρνσ −RµαβγRναβγ . (5)
The 5D solution for spherically symmetric spacetime
in EYMGB theory has been derived by Mazharimousavi
and Halilsoy [41]
ds2 = −F (r)dt2 + dr
2
F (r)
+ r2dΩ23, (6)
where the unit three sphere dΩ23 can be written in terms
of Euler angles as (see, for example Eq. (4) and Eq. (5)
in Ref. [41])
dΩ23 =
1
4
(
dθ2 + dφ2 + dψ2 − 2 cos θ dφdψ) , (7)
where 0 ≤ θ ≤ π, 0 ≤ φ, ψ ≤ 2π. Morover the above
non–vanishing components of field equations is shown to
have the following solution [41]
F (r) = 1 +
r2
4α
±
√(
r2
4α
)2
+
(
1 +
M
2α
)
+
Q2 ln r
α
, (8)
in whichM is the usual integration constant to be identi-
fied as mass. Choosing the minus sign in the limit α→ 0,
it is possible to recover the EYM solution (see, for exam-
ple [51])
F (r) = 1− M
r2
− 2Q
2
r2
ln r. (9)
The radius of the event horizon rh can be found by
considering F (rh) = 0, which can be reduced to the fol-
lowing simple equation
r2h −M − 2Q2 ln(rh) = 0. (10)
One can observe that the event horizon remains un-
affected by α parameter. The corresponding black hole
temperature be calculated as
TH =
κ
2π
(11)
in which the surface gravity κ is given by [41]
κ =
∣∣∣∣12F ′(rh)
∣∣∣∣ . (12)
The result for the Hawking temperature can be sim-
plified if we set M = 1 and Q < 1, which implies that
the event horizon is rh = 1. Furthermore in the units
G = c = 1, the Hawking temperature can be calculated
as [41]
TH =
~
2π
1−Q2
4α+ 1
. (13)
In the next section we are going to use the metric (6)
to study the Hawking radiation of massive bosons via
quantum tunneling.
III. TUNNELING OF MASSIVE SPIN-1
PARTICLES FROM 5D SPHERICALLY
SYMMETRIC EYMGB BLACK HOLE
The equation of motion which describes a massive and
uncharged boson field Ψµ, is given by Proca equation
(PE) as follows [46]
1√−g∂µ
(√−gΨµν)− m2
~2
Ψν = 0, (14)
where
Ψµν = ∂µΨν − ∂νΨµ. (15)
We can now solve PE equation in the spacetime given
by the line element (5). Therefore, let us start by ap-
plying the WKB approximation method which suggests
that
Ψν = Cν(t, r, θ, φ, ψ) exp
( i
~
(
S0(t, r, θ, φ, ψ)
+ ~S1(t, r, θ, φ, ψ) + . . .
))
. (16)
3Furthermore by considering the spacetime symmetries
of the metric (6), the following ansatz for the action can
be choosen
S0(t, r, θ, φ, ψ) = −Et+R(r, θ) + jφ+ lψ, (17)
in which E is the energy of the particle, j and l denotes
the angular momentum of the particle corresponding to
the angles φ and ψ, respectively. If we now insert the Eq.
(16) into the Eq. (14) and keep only the leading order
terms in ~ we find the following set of five differential
equations:
0 = ER(r)′C1 +
4E(∂θR)C2
r2F (r)
+
4E(cos θl + j)C3
r2F (r) sin2 θ
+
4E(cos θj + l)C4
r2F (r) sin2 θ
+
C5
r2F (r) sin2 θ
P1, (18)
0 =
C1
r2 sin2 θ
P2 + 4R
′(∂θR)F (r)C2
r2
+ ER′C5 (19)
+
4R′F (r)
r2 sin2 θ
(cos θl + j)C3 +
4R′F (r)
r2 sin2 θ
(cos θj + l)C4,
0 =
4F (∂θR)R
′
r2
C1 +
4C2
r4F (r) sin2 θ
P3
+
16(∂θR)
r4 sin2 θ
(cos θl + j)C3 +
16(∂θR)
r4 sin2 θ
(cos θj + l)C4
+
4E(∂θR)C5
r2F (r)
, (20)
0 =
4F (r)R′(r)
r2 sin2 θ
(cos θl + j)C1 +
16(∂θR)
r4 sin2 θ
(cos θl + j)C2
+
4E
r2F sin2 θ
(cos θl + j)C5 − 4C4
r4F sin2 θ
P4
− 4C3
r4F sin2 θ
P5, (21)
0 =
4FR′
r2 sin2 θ
(cos θj + l)C1 − 4C3
r4F sin2 θ
P6
+
16(∂θR)
r4 sin2 θ
(cos θj + l)C2 − 4C4
r4 sin2 θF
P7
+
4E
r2F sin2 θ
(cos θj + l)C5. (22)
where
P1 = F (r)r2(R′)2 sin2 θ +m2r2 sin2 θ + 8 cos θjl
+4(∂θR)
2 sin2 θ + 4j2 + 4l2,
P2 = E2r2 sin2 θ − F (r)m2r2 sin2 θ − 4(∂θR)2F (r) sin2 θ
− 8 cos θF (r)jl − 4F (r)j2 − 4F (r)l2,
P3 = E2r2 sin2 θ − (R′)2F 2r2 sin2 θ − Fm2r2 sin2 θ
−8 cos θFjl − 4Fj2 − 4Fl2,
P4 = P6 = cos θ(R′)2F 2r2 + cos θFm2r2 − E2 cos θr2
+4 cos θ(∂θR)
2F − 4Fjl,
P5 = (R′)2F 2r2 + Fm2r2 − E2r2 + 4(∂θR)2F + 4Fl2
P7 = (R′)2Fr2 + Fm2r2 − E2r2 + 4(∂θR)2F + 4Fj2.
From Eqs. (18–22) it’s clear that one can construct
a matrix equation if we introduce a 5 × 5 matrix, say
Ξ, which when multiplied by the transpose of a vector
(C1, C2, C3, C4, C5) gives the following matrix equation
Ξ(C1, C2, C3, C4, C5)
T = 0. (23)
The non–zero elements of the matrix Ξ are given by:
Ξ11 = Ξ25 = ER
′,
Ξ12 = Ξ35 =
4E(∂θR)
r2F (r)
,
Ξ13 = Ξ45 =
4E(cos θl + j)
r2F (r) sin2 θ
,
Ξ14 = Ξ55 =
4E(cos θj + l)
r2F (r) sin2 θ
,
Ξ15 =
1
r2F (r) sin2 θ
P1,
Ξ21 =
1
r2 sin2 θ
P2,
Ξ22 = Ξ31 =
4R′(∂θR)F (r)
r2
,
Ξ23 = Ξ41 =
4R′F (r)
r2 sin2 θ
(cos θl + j) ,
Ξ24 = Ξ51 =
4R′F (r)
r2 sin2 θ
(cos θj + l) ,
Ξ32 =
4
r4F (r) sin2 θ
P3,
Ξ33 = Ξ42 =
16(∂θR)
r4 sin2 θ
(cos θl + j) ,
Ξ34 = Ξ52 =
16(∂θR)
r4 sin2 θ
(cos θj + l) ,
Ξ43 = − 4
r4F sin2 θ
P5,
Ξ44 = Ξ53 = − 4
r4F sin2 θ
P6,
Ξ54 = − 4
r4F sin2 θ
P7. (24)
Since we are looking for the radial trajectories R′(r) of
the emitted particle from the black hole, we can find this
differential equation from the condition det Ξ = 0, which
leads to the following simplifed equation:
64m2
(
Θ− E2r2 sin2 θ + F (r)Ω
)4
r14F 4(r) sin10 θ
= 0, (25)
4where
Θ = 4 sin2 θF (r)(∂θR)
2 + F 2(r)r2 sin2 θ(R′)2
and
Ω =
(
m2r2 sin2 θ + 4j2 + 4l2 + 8jl cos θ
)
.
On can easily solve the last equation for the radial part
to get the following integral
R±(r) = ±
∫ √
E2 − F (r) (m2 + 4Σ)
F (r)
dr. (26)
where
Σ = (∂θR)
2 +
1
r2 sin2 θ
(j2 + l2 + 2jl cos θ). (27)
A careful analyzes shows that, there is an ambiguity of
a factor two associated with the solution of the above
problem. This factor of two problem with the origi-
nal tunneling method and the issue of canonical invari-
ance under canonical transformations given by
∮
prdr =∫
p+r dr−
∫
p−r dr, where p
±
r = ±∂rR, was pointed out first
in Ref. [61–63]. The resolution of this problem is that
there is a temporal contribution to the imaginary part of
the tunneling amplitude which was first pointed out in
Ref. [64–66]. In order to solve this integral, we see that
there is a pole at the horizon r = rh, since F (rh) = 0.
We can shift the pole into the upper / lower half plane
rh → rh ± iǫ and using a Taylor expansion of F (r) near
the horizon then the integral (26) reads
R±(r) = ± lim
ǫ→0
∫ √
E2 − F (r) (m2 + 4Σ)
F ′(rh)(r − rh ± iǫ) dr. (28)
If we now make use of the equation
lim
ǫ→0
Im
1
r − rh ± iǫ = πδ(r − rh), (29)
then Eq. (28) gives
ImR±(r) = ± πE
F ′(rh)
, (30)
where
F ′(rh) =
∣∣∣∣ rh2α −
(
r3h
4α2
+
Q2
rhα
)
1√
ζ
∣∣∣∣ , (31)
and
ζ =
r4h
4α2
+ 4 +
2M
α
+
4Q2 ln(rh)
α
. (32)
The spatial contribution to the tunneling can be cal-
culated as
Γspatial ∝ exp
(
− 1
~
Im
∮
prdr
)
= exp
[
− 1
~
Im
(∫
p+r dr −
∫
p−r dr
)]
= exp
(
− 2πE
~F ′(rh)
)
. (33)
The temporal part contribution on the other hand,
comes due to the connection of the interior region and
the exterior region of the black hole. If one introduces
t→ t−iπ/(2κ) we will have Im(E∆tout,in) = −Eπ/(2κ).
Then the total temporal contribution for a round trip
gives
Γtemporal ∝ exp
[
1
~
(
Im(E∆tout) + Im(E∆tin
)]
= exp
(
− 2πE
~F ′(rh)
)
, (34)
since
κ =
∣∣∣∣12F ′(rh)
∣∣∣∣ . (35)
One can now define the total tunneling rate of the par-
ticles tunneling from inside to outside the horizon as fol-
lows
Γ = exp
[1
~
(
Im(E∆tout) + Im(E∆tin)
−Im
∮
prdr
)]
= exp
[
− 4πE
~F ′(rh)
]
. (36)
We can now follow [41], by settingM = 1 and Q < 1 as
in Section I and by compering the last equation with the
Boltzmann factor ΓB = e
−βE, after some approximations
we find the following result
TH =
~
2π
1−Q2
4α+ 1
. (37)
The last expression for the Hawking temperature is
similar to Eq. (13). In other words, we have recovered
the Hawking temperature using the quantum tunneling
method for 5D EYMGB black hole measured by some
observer at infinity.
IV. TEMPERATURE AND ENTROPY
CORRECTION BEYOND SEMICLASSICAL
APPROXIMATION
We can now move on and take into account the quan-
tum effects to the Hawking temperature, entropy, and
specific heat capacity of 5D EYMGB black hole. We re-
call that by following Banerjee and Majhi [19–22], one
may write the action of the particle in the following way
S(t, r) = S0(t, r) +
∑
i
~
iSi. (i = 1, 2, 3, . . . ) . (38)
It was shown by Banerjee and Majhi that Si are pro-
portional to S0, i.e. Si ∝ S0 [19, 20]. Therefore from the
last equation it follows that
S(t, r) =
(
1 +
∑
i
γi~
i
)
S0(r, t). (39)
5Since S0 has the dimension of ~, the proportionality
constants γi should have the dimension of ~
−i. On the
other hand in the case of a five–dimensional spacetime
the five–dimensional gravitation constant G(5) in terms
of units of length and units of c and ~ reads
[G(5)] =
[c]3L3
[~]
. (40)
If we choose G(5) = c = kB = 1, then the Planck con-
stant in this units is of the order of ~ = (l
(5)
p )3, where we
have replaced L with the five–dimensional Planck length
l
(5)
p [74]. Note that this result is different to the four–
dimensional case where ~ = (l
(4)
p )2. It’s evident now that
the proportionality constants γi should have the dimen-
sion of r−3ih and multiplied by some other dimensionless
constants βi, as follows
γi = βir
−3i
h . (41)
Following Banerjee and Majhi and without going into
details we assume the same form for the modified proba-
bility of the outgoing vector particles which can be writ-
ten as follows
Γ˜ = exp
[
− 4
~
(
1 +
∑
i
βi
~
i
r3ih
)
ImR
]
. (42)
Thus for the quantum corrected Hawking temperature
we find
T˜H =
(
1 +
∑
i
βi
~
i
r3ih
)−1
TH . (43)
Note that the expansion (38) to obtain corrections to
all orders has been criticized [67], where it was argued
that there are no quantum corrections to the Hawking
temperature via tunneling from a fixed background. On
the other hand, there were attempts to fix up the Baner-
jee and Majhi work and argued that this may have con-
sequences to the information loss paradox [68, 69]. Next,
we will try to calculate the quantum corrected entropy,
so let us first write the first law of black hole mechanics
for the charged black hole
S˜ =
∫
1
T˜H
(dM − ΦdQ) . (44)
In order to calculate the quantum corrected entropy it
is convenient to integrate with respect to rh, instead of
M and Q which is more difficult. To do so, let us consider
the differential of the event horizon given by Eq. (10),
which gives
2
(
r2h −Q2
rh
)
drh = dM − ΦdQ, (45)
in whichM is the black hole mass and Φ = −4Q ln(rh) is
the electric potential of the black hole near the horizon.
On the other hand, the surfice area of the event horizon
can be easley calculated as A = π2r3h [58], and hence the
entropy of the black hole (in the units G = c = 1, and
by choosing the Boltzmann constant appropriately) takes
the form S = r3h/~. So M can be obtained as a function
of S and Q in the form [58]
M = (S ~)
2/3 − 2
3
Q2 ln(S) + Const. (46)
The black hole temperature can be calculated from the
energy conservation law of the black hole simply by dif-
ferentiating M with respect to S at constant charge [58].
It follows that
TH =
(
∂M
∂S
)
Q
=
2~
3
(
1
rh
− Q
2
r3h
)
. (47)
If we insert Eqs. (43),(45) and (47) into Eq. (44)
we end up with the following integral for the quantum
corrected black hole entropy
S˜ =
3
~
∫ (
1 +
∑
i
βi
~
i
r3ih
)
r2h drh. (48)
Thus, by compering the last result with Eq. (44) we
see that the quantum corrected entropy can now be cal-
culated easily by integrating with respect to rh. Solving
this integral we find
S˜ =
r3h
~
+ 3β1 ln rh − ~β2
r3h
+ . . . (49)
If we make use of the Bekenstein–Hawking entropy
SBH = S = r
3
h/~ [58], we can rewrite the last equation
as
S˜ = SBH + β1 lnSBH − β2
SBH
+ Const+ . . . (50)
Thus we have successfully recovered the logarithmic
entropy correction term to the black hole entropy. Fi-
nally, we can now carry out the corrected specific heat
capacity at constant charge, defined as
C˜ = T˜H
∂S˜
∂T˜H
= T˜H
∂S˜
∂rh
(
∂T˜H
∂rh
)−1
. (51)
We find that
C˜ = − 3(r
2
h −Q2)(r6h + ~r3hβ1 + ~2β2)2
~r3h(r
8
h − 3Q2r6h − 2~r5hβ1 + ~2(2Q2 − 5r2h)β2)
+. . .
(52)
In other words, the quantum corrected specific heat
capacity goes to zero if r6h+~r
3
hβ1+~
2β2 = 0, at a certain
rh which solves this equation. In Ref. [19, 20] it is argued
that the numerical values of β1 and β2 are related to loop
effects. Morover, using conformal field theory technique
6and by neglecting the ~2 terms, i.e. β2 = 0, it was shown
that β1 is given as follows [19, 20]
β1 = − 1
360π
(
−N0 − 7
4
N 1
2
+ 13N1 +
233
4
N 3
2
− 212N2
)
,
(53)
where Ns encodes the number of fields with spin ‘s’. If
we assume this result is also valid in our case, we can
take N1 = 1 and N 1
2
= N0 = N 3
2
= N2 = 0, then
we find that quantum corrected specific heat capacity
vanishes i.e. C˜ = 0 at rh =
(
13 ~
360π
) 1
3 . This seems to imply
that the black hole cannot exchange radiation with the
surrounding space at rh, which may shed some light to
the existence of a remnant. At this point, let us briefly
mention that the existence of remnants is also supported
by the GUP effects which are extensively used in the
literature to calculate the quantum gravity corrections
on the Hawking temperature, entropy, or specific heat
capacity [25–34].
V. CONCLUSION
We have successfully calculated the Hawking tempera-
ture of uncharged massive bosons from 5D EYMGB black
hole. We have solved the Proca equation by using the
WKB approximation and the separation of variables and
found five differential equations and constructed a 5× 5
matrix. We then extend our results by calculating the
quantum correction to temperature, entropy, and spe-
cific heat capacity. We have started from the relation
of the Planck constant and the five-dimensional Planck
length in the units G(5) = c = 1 which are related by
~ = (lD=5p )
3. This on the other hand implies that the
proportionality constants γi are choosen to have the di-
mension of r−3ih . More specifically, we have recovered
the first order logarithmic entropy correction beyond the
semiclassical approximation by integrating with respect
to rh. We first show that the Hawking temperature re-
mains unaltered for this black hole configuration and the
physical significance of this result is that black holes can
also radiate massive vector particles and the mass/spin
of the particles does not play any significant role in this
process. On the other hand, the situation is a little bit
different when we consider corrections beyond the semi-
classical approximation. For instance, since β1 and β2 is
shown to depend on the nature of spin of the particles,
we have argued that the quantum corrected specific heat
capacity goes to zero at some radius rh which may pre-
vent a black hole from complete evaporation and hence
the possibility of the existence of remnants. Even though
the mass of the particles does no play any significant role,
the spin of particles can be significant at the final stage
of the black hole. We plan to extend our results in the
near future in the spirit of Ref. [45] and expolore in more
details the role of particles mass to the Hawking temper-
ature under GUP effects.
ACKNOWLEDGEMENTS
The author is grateful to the editor and anonymous
referees for their valuable and constructive suggestions.
[1] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975);
erratum-ibid, 46, 206 (1976).
[2] Gibbons G W and Hawking S W 1977, Phys. Rev. D 15,
2752
[3] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15,
2738 (1977).
[4] P. Kraus, F. Wilczek, Mod. Phys. Lett. A 9, 3713 (1994).
[5] P. Kraus, F. Wilczek, Nucl. Phys. B 437, 231 (1995).
[6] M.K. Parikh, F. Wilczek, Phys. Rev. Lett. 85, 5042
(2000).
[7] M.K. Parikh, Phys. Lett. B 546, 189 (2002).
[8] M.K. Parikh, Int. J. Mod. Phys. D 13, 2351 (2004).
[9] M. Angheben, M. Nadalini, L. Vanzo, S. Zerbini, J. High
Energy Phys. 05, 014 (2005).
[10] K. Srinivasan, T. Padmanabhan, Phys. Rev. D 60,
024007 (1999).
[11] S. Shankaranarayanan, K. Srinivasan, T. Padmanabhan,
Mod. Phys. Letts. 16, 571 (2001)
[12] L. Vanzo, G. Acquaviva, R. Di Criscienzo, Class. Quan-
tum Gravity 28, 18 (2011).
[13] R. Kerner, R.B. Mann, Phys. Rev. D 73, 104010 (2006).
[14] R. Kerner and R.B. Mann, Class. Quant. Grav. 25,
095014 (2008).
[15] R. Kerner and R.B. Mann, Phys. Lett. B 665, 277-283
(2008).
[16] Alexandre Yale, Robert B. Mann Phys. Lett. B 673, 168-
172, (2009).
[17] H. Gohar, K. Saifullah, Astrophysics and Space Science,
343 (2013) 181
[18] Jamil Ahmed, K. Saifullah, JCAP 11 (2011) 023
[19] Banerjee R, Majhi B R. J High Energy Phys, 2008, 06,
095
[20] Bibhas Ranjan Majhi, Phys. Rev. D 79, 044005, 2009
[21] M. Akbar, K. Saifullah, Eur. Phys. J. C Vol 67 (2010)
205
[22] Subenoy Chakraborty, Subhajit Saha, Christian Corda,
Entropy 2016, 18, 287
[23] Deyou Chen, Houwen Wu, Haitang Yang, and Shuzheng
Yang, Int. J. Mod. Phys. A 29, 1430054 (2014)
[24] Deyou Chen, Houwen Wu, Haitang Yang, JCAP 1403
(2014) 036
[25] M. A. Anacleto, F . A. Brito, and E. Passos, Phys. Lett.
B 749, 181 (2015).
[26] M. A. Anacleto, F . A. Brito, G . C. Luna, E. Passos,
and J. Spinelly, Ann. Phys. 362, 436 (2015).
[27] Abdel Nasser Tawfik, Abdel Magied Diab, Int. J. Mod.
Phys. A 30, 1550059 (2015).
[28] Abdel Nasser Tawfik, Eiman Abou El Dahab, Int. J.
Mod. Phys. A 30, (2015) 1550030.
7[29] Abdel Nasser Tawfik, Abdel Magied Diab, Rept. Prog.
Phys. 78 (2015) 126001
[30] Abdel Nasser Tawfik, Abdel Magied Diab, Int. J. Mod.
Phys. D, 23 (2014) no.12, 1430025
[31] Mir Faizal, Mohammed M. Khalil, Int.J.Mod.Phys. A,
30 (2015) 1550144.
[32] M. Faizal and B. Majumder, Annals of Phys. 357 (2015)
49
[33] S. Pramanik, M. Faizal, M. Moussa and A. F. Ali , Annals
Phys. 362 (2015) 24
[34] A. F. Ali, M. Faizal and M. M. Khalil, JCAP 09 (2015)
025
[35] R. Garattini and M. Faizal, Nucl. Phys. B 905 (2016)
313
[36] Yves Brihaye, A. Chakrabarti, Betti Hartmann and D.
H. Tchrakian, Phys. Lett. B. 561 (2003) 161.
[37] N. Okuyama and K. Maeda, Phys. Rev. D 67 (2003)
104012
[38] A. Chakrabarti and D. H. Tchrakian, Phys. Rev. D 65
(2002) 024029.
[39] T. T. Wu and C. N. Yang, Properties of Matter Under
Unusual conditions, edited by H. Mark and S. Fernbach
(Interscience, New York, 1969), p. 349.
[40] S. Habib Mazharimousavi, M. Halilsoy, J. Cosmol. As-
tropart. Phys. 12 (2008) 005
[41] S. Habib Mazharimousavi, M. Halilsoy, Phys. Rev. D, 76,
087501, 2007
[42] Betti Hartmann, Burkhard Kleihaus, Jutta Kunz, Phys.
Rev. D, 65 (2002) 024027
[43] Yves Brihaye, Eugen Radu, D. H. Tchrakian, Phys. Rev.
D 81, 064005, 2010.
[44] Xiang-Qian Li, Ge-Rui Chen, Physics Letters B 751 34-
38, (2015)
[45] Xiang-Qian Li, Physics Letters B, 763 (2016) 80-86
[46] S.I Kruglov, Mod. Phys. Lett. A 29, 1450203 (2014).
[47] I. Sakalli, A. Ovgun, Gen. Relativ. Gravit. 48, 1 (2016)
[48] H. Gursel, I. Sakalli, Canadian Journal of Physics, 94,
147 (2016).
[49] I. Sakalli, A. Ovgun, Eur. Phys. J. Plus (2015) 130 110
[50] Kimet Jusufi, Ali Ovgun, Astrophys Space Sci (2016)
361, 207
[51] N. Okuyama and K. Maeda, Phys. Rev. D 67,
104012(2003).
[52] S. G. Ghosh, Phys. Lett. B, 704, 5 (2011).
[53] S. Habib Mazharimousavi, I. Sakalli, M. Halilsoy, Physics
Letters B, 672 (2009) 177
[54] Mirjam Cvetic, Shin’ichi Nojiri, Sergei D. Odintsov,
Nucl.Phys. B 628 (2002) 295-330
[55] Shin’ichi Nojiri, Sergei D. Odintsov, Phys.Lett. B 521
(2001) 87-95, Erratum: Phys.Lett. B 542 (2002) 301
[56] R. A. Konoplya and A. Zhidenko, Phys. Rev. D 82,
084003 (2010)
[57] Tanwi Bandyopadhyay and Subenoy Chakraborty, Class.
Quantum Grav. 26 (2009) 085005
[58] Ritabrata Biswas, Subenoy Chakraborty, Gen.Rel.Grav.
42, 1311-1322, 2010
[59] Estanislao Herscovich, Martn G. Richarte, Phys. Lett. B,
689, 192-200, 2010
[60] Safia Taj, Hernando Quevedo, Alberto Sanchez, Relativ
Gravit (2012) 44, 1489.
[61] Emil T. Akhmedov, Valeria Akhmedova, Douglas Single-
ton, Phys.Lett. B, 642, 124-128, 2006.
[62] Emil T.Akhmedov, Valeria Akhmedova, Terry Pilling,
Douglas Singleton, Int.J.Mod.Phys. A, 22, 1705-1715,
2007.
[63] Borun D. Chowdhury, Pramana 70, 593-612, 2008; Pra-
mana, 70, 3-26, 2008
[64] V. Akhmedova, T. Pilling, A. de Gill and D. Singleton,
Phys. Lett. B 666, 269 (2008)
[65] Emil T.Akhmedov, Terry Pilling, Douglas Singleton,
Int.J.Mod.Phys. D, 17, 2453-2458, 2008
[66] Valeria Akhmedova, Terry Pilling, Andrea de Gill, Dou-
glas Singleton, Phys.Lett. B, 673, 227-231, 2009.
[67] Alexandre Yale, Eur. Phys. J. C71, 1622 (2011)
[68] Douglas Singleton, Elias C. Vagenas, Tao Zhu, Ji-Rong
Ren, JHEP 1008:089,2010; Erratum-ibid.1101:021,2011
[69] Douglas Singleton, Elias C. Vagenas, Tao Zhu, JHEP
1405, 074 (2014).
[70] Seyen Kouwn, Phillial Oh, Chan-Gyung Park, Phys. Rev.
D 93, 083012 (2016)
[71] Y. Kahn and J. Thaler, Phys. Rev. D 86 , 115012 (2012).
[72] Bednyakov, V.A. Phys. Part. Nuclei (2016) 47: 711.
[73] Lam Hui, Jeremiah P. Ostriker, Scott Tremaine, Edward
Witten, arXiv:1610.08297.
[74] T. Zhu, J.R. Ren, and M.F. Li, arXiv:0906.4194.
